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Abstract Linear Complementarity Problems (LC Ps) belong to the class of NP-complete
problems. Therefore we cannot expect a polynomial time solution method for LC Ps without
requiring some special property of the coefficient matrix. Our aim is to construct interior
point algorithms which, according to the duality theorem in EP (Existentially Polynomial-
time) form, in polynomial time either give a solution of the original problem or detects the
lack of property P∗(κ̃), with arbitrary large, but apriori fixed κ̃). In the latter case, the algo-
rithms give a polynomial size certificate depending on parameter κ̃ , the initial interior point
and the input size of the LC P). We give the general idea of an EP-modification of inte-
rior point algorithms and adapt this modification to long-step path-following interior point
algorithms.
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1 Introduction

Consider the linear complementarity problem (LC P) that aims to find vectors x, s ∈ R
n that

satisfy

− Mx + s = q, xs = 0, x, s ≥ 0, (1)

where M ∈ R
n×n and q ∈ R

n , and the notation xs is used for the coordinatewise (Hadamard)
product of the vectors x and s.

The LC P belongs to the class of NP-complete problems, since the feasibility problem
of linear equations with binary variables can be described as an LC P [13]. Therefore we
cannot expect an efficient (polynomial time) solution method for LC Ps without requiring
some special property of the matrix M .

There are several polynomial time algorithms for solving an LC P if the matrix M is a
positive semidefinite matrix, see e.g. [11,12,17,21]. Furthermore, an LC P can be solved in
polynomial time if the matrix M is a P∗(κ)-matrix,1 however, in this case the computational
complexity of the algorithm depends on κ too (see e.g., [8,15,17]). Positive semidefiniteness
of a matrix can be checked in strongly polynomial time [14], but no polynomial time algo-
rithm is known for checking whether a matrix is P∗(κ) or not. The best known test for the
P∗(κ) property, introduced by Väliaho [20], is not polynomial.

For applying an interior point method (IPM) to an LC P with a P∗(κ)-matrix, we need
an initial interior point (or use an infeasible IPM) and one need to know apriori the κ value
of the matrix M . An initial interior point can be found by using an embedding model [18],
but the apriori knowledge of κ is a too strong assumption. Potra and Liu [17] softened this
assumption, they modified their IPM in such a way, that we need to know only the suffi-
ciency of the matrix. However, this is still a condition, that cannot be verified in polynomial
time. Consequently, there is a need to design such an algorithm, that can handle any LC P
with an arbitrary matrix. Therefore, in this paper we give a general method how to modify
interior point algorithms for P∗(κ)-matrix LC Ps, with the goal to process general LCPs in
polynomial time. The new algorithms, in polynomial time either solve the LC P , or give a
polynomial size certificate that the matrix M is not a P∗(κ̃)-matrix with arbitrary large, but
apriori fixed κ̃ . Polynomiality depends on the parameter κ̃ , the initial interior point and the
input size of the LC P . Throughout the paper, except in Section 4, we assume that a feasible
interior point of the LC P is known.

Let now consider the dual linear complementarity problem (DLC P) [3]: find vectors
u, z ∈ R

n which satisfy the constraints

u + MT z = 0, qT z = −1, uz = 0, u, z ≥ 0. (2)

As introduced by Cameron and Edmonds [1] an EP (Existentially Polynomial-time) theorem
is a theorem of the form:

[∀x : F1(x), F2(x), . . . , Fk(x)],
where Fi (x), (i = 1, . . . , k) is a predicate formula which has the form

Fi (x) = [∃yi such that ‖yi‖ ≤ ‖x‖ni and fi (x, yi )].
Here ni ∈ Z

+, ‖z‖ denotes the encoding length of z and fi (x, yi ) is a predicate for which
there is a polynomial-size certificate.

The LC P duality theorem in EP form [6] is as follows:

1 The definition of matrix classes is given in the next section.
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Theorem 1 Let matrix M ∈ Q
n×n and vector q ∈ Q

n be given. At least one of the following
statements hold:

(1) problem LC P has a complementary feasible solution (x, s), whose encoding size is
polynomially bounded.

(2) problem DLC P has a complementary feasible solution (u, z), whose encoding size is
polynomially bounded.

(3) matrix M is not sufficient and there is a certificate whose encoding size is polynomially
bounded.

The criss-cross algorithm for sufficient matrix LCPs was introduced by Hertog et al. [4].
The first criss-cross type pivot algorithm in EP form, which does not use apriori knowledge
of sufficiency of the matrix M , was given by Fukuda et al. [6]. They utilized the LC P duality
theorem of Fukuda and Terlaky [5]. Csizmadia and Illés [3] extended this method to sev-
eral flexible finite pivot rules. These variants of the criss-cross method solve LC Ps with an
arbitrary matrix. They either solve the primal LC P or give a dual solution, or detect that
the algorithm may begin cycling (due to lack of sufficiency) and in this case they give a
polynomial size certificate of the lack of sufficiency. No interior point algorithm in EP form
were published yet.

Summarizing, our aim is to construct interior point algorithms, that according to the dual-
ity theorem of LC P in EP form either give a solution of the original LC P or for the dual
LC P , or detects the lack of property P∗(κ̃), and gives a polynomial certificate in all cases
in polynomial time.

The rest of the paper is organized as follows. The following section deals with the funda-
mental properties of P∗(κ)-matrices and with some related results. In Section 3 we describe
the general idea of modified IPM and than present the modified long-step path-following
algorithm. Section 4 addresses the question, how the interior point assumption can be elimi-
nated by using the embedding technique. For ease of understanding and to be self contained
we collect the necessary results of [15] in the Appendix.

1.1 Notations

We use the following notations throughout the paper. Scalars and indices are denoted by
lowercase Latin letters, vectors by lowercase boldface Latin letters, matrices by capital Latin
letters, and finally sets by capital calligraphic letters. R

n⊕ (Rn+) is the nonnegative (positive)
orthant of R

n . Further, X is the diagonal matrix whose diagonal elements are the coordinates of
the vector x, so X = diag(x), and I denotes the identity matrix of appropriate dimension. The
vector xs = Xs is the componentwise product (Hadamard product) of the vectors x and s, and
for α ∈ R the vector xα denotes the vector whose i th component is xα

i . We denote the vector of
ones by e. Furthermore, for vector x we define the sets I+(x) = {1 ≤ i ≤ n : xi (Mx)i > 0}
and I−(x) = {1 ≤ i ≤ n : xi (Mx)i < 0}, which are used in the definition of P∗(κ)

matrices.
Let the current point be (x, s) and (�x,�s) be the corresponding Newton direction.2 The

new point with step length θ is given by (x(θ), s(θ)) = (x + θ�x, s + θ�s). We use the δc

centrality measures, where

δc(xs, μ) =
∥
∥
∥
∥

√
xs
μ

−
√

μ

xs

∥
∥
∥
∥

.

2 Generally the Newton direction is the unique solution of system (4), see page 333. We will discuss how to
define the actual Newton direction for the long-step path-following algorithm in Section 3.
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2 Matrix classes and the Newton step

The class of P∗(κ)-matrices were introduced by Kojima et al. [13], and it can be considered
as a generalization of the class of positive semidefinite matrices (see Notations for definition
of sets I+, I−).

Definition 2 Let κ ≥ 0 be a nonnegative number. A matrix M ∈ R
n×n is a P∗(κ)-matrix if

for all x ∈ R
n

(1 + 4κ)
∑

i∈I+(x)

xi (Mx)i +
∑

i∈I−(x)

xi (Mx)i ≥ 0. (3)

The nonnegative real number κ denotes the weight that need to be used at the positive terms
so that the weighted ’scalar product’ is nonnegative for each vector x ∈ R

n . Therefore, natu-
rally P∗(0) is the class of positive semidefinite matrices (if we set aside the symmetry of the
matrix M).

Definition 3 A matrix M ∈ R
n×n is called a P∗-matrix if it is a P∗(κ)-matrix for some

κ ≥ 0, i.e.

P∗ =
⋃

κ≥0

P∗(κ).

The class of sufficient matrices was introduced by Cottle et al. [2].

Definition 4 A matrix M ∈ R
n×n is a column sufficient matrix if for all x ∈ R

n

X (Mx) ≤ 0 implies X (Mx) = 0,

and row sufficient if MT is column sufficient. Matrix M is sufficient if it is both row and
column sufficient.

Kojima et al. [13] proved that any P∗-matrix is column sufficient and Guu and Cottle [7]
proved that it is row sufficient, too. Therefore, each P∗-matrix is sufficient. Väliaho proved
the other direction of inclusion [19], thus the class of P∗-matrices coincides with the class
of sufficient matrices.

Definition 5 A matrix M ∈ R
n×n is a P0-matrix, if all of its principal minors are nonnega-

tive.

For further use we recall some results about P∗(κ) and P0 LCPs. The reader may consult the
book of Kojima et al. [13, Lemma 4.1 p. 35] for the proof of the following Proposition.

Proposition 6 A matrix M ∈ R
n×n is a P0-matrix if and only if

M ′ =
[−M I

S X

]

is a nonsingular matrix

for any positive diagonal matrices X, S ∈ R
n×n.

Proposition 6 enables us to check whether matrix M is P0 or not. The next statement is
used to guarantee the existence and uniqueness of Newton directions that are the solution of
system (4) for various values of vector a ∈ R

n , where a depends on the particular interior
point algorithm.
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Corollary 7 Let M ∈ R
n×n be a P0-matrix, x, s ∈ R

n+. Then for all a ∈ R
n the system

−M�x + �s = 0
s�x + x�s = a

(4)

has a unique solution (�x,�s).

The following estimations for the Newton direction are used in the complexity analysis of
interior point methods. The next lemma is proved by Potra in [16].

Lemma 8 Let M be an arbitrary n × n real matrix and (�x,�s) be a solution of system
(4). Then

∑

i∈I+
�xi�si ≤ 1

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

.

Now we recall some inequalities, where the property of the matrix plays a crucial role.

Lemma 9 Let matrix M be a P∗(κ)-matrix and x, s ∈ R
n+, a ∈ R

n. Let (�x,�s) be the
solution of system (4). Then

‖�x�s‖∞ ≤
(

1

4
+ κ

) ∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

, ‖�x�s‖1 ≤
(

1

2
+ κ

) ∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

,

‖�x�s‖2 ≤
√

(
1

4
+ κ

) (
1

2
+ κ

) ∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

.

The first statement’s proof in the lemma is based on the P∗(κ) property of matrix M , and the
proof technique is well known in from the literature, see e.g., the proof of Lemma 5.1 by Illés
et al. [8]. The second estimation follows from the previous lemma by using some properties
of P∗(κ)-matrices, and the last estimation is a corollary of the first and second statements
using some properties of norms.

3 Interior point algorithms in EP form

Our aim is to modify interior point algorithms in such a way, that they solve the LC P with
any arbitrary matrix, or give a certificate, that the matrix is not P∗(κ̃), where κ̃ is a given
(arbitrary big) number. Potra and Liu [17] gave the first interior point algorithm, where we
do not need to know apriori the value of κ , it is enough to know that the matrix is P∗. Their
algorithm initially assumes that the matrix is P∗(1). At each iteration they check whether the
new point is in the appropriate neighborhood of the central path, or not. In the latter case they
double the value of κ . We use this idea in a modified way. Because the larger κ is, the worse
the iteration complexity is, we take only the necessary enlargement of κ (until it reaches κ̃).
The inequality in the definition of P∗(κ)-matrices gives the following lower bound on κ for
any vector x ∈ R

n :

κ ≥ κ(x) = −1

4

xT Mx
∑

i∈I+ xi (Mx)i
.

In IPMs the P∗(κ) property need to be true only for the actual Newton direction �x in various
ways, for example this property ensures that with a certain step size the new iterate is in an
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appropriate neighborhood of the central path and/or the complementarity gap is sufficiently
reduced. Consequently, if the desired results do not hold with the current κ value, we update
κ to the lower bound determined by the Newton direction �x, i.e.,

κ(�x) = −1

4

�xT �s
∑

i∈I+ �xi�si
(�s = M�x). (5)

The following two lemmas are immediate consequences of the definition of P∗(κ) and
P∗-matrices.

Lemma 10 Let M be a real n ×n matrix. If there exists a vector x ∈ R
n such that κ(x) > κ̃ ,

then the matrix M is not P∗(κ̃) and x is a certificate for this fact.

Lemma 11 Let M be a real n × n matrix. If there exists a vector x ∈ R
n such that I+(x) =

{i ∈ I : xi (Mx)i > 0} = ∅, then the matrix M is not P∗ and x is a certificate for this fact.

Therefore, if there exists such a vector �x for which I+ = ∅, and thus κ(�x) is not
defined, then the matrix M of the LC P is not a P∗-matrix. In this case we stop the algorithm,
and the output will be �x as a certificate to prove that M is not a P∗-matrix.

There is another point where IPMs may fail if the matrix of the LC P is not P∗. If the
matrix is not P0, then the Newton system may not have a solution, or the solution may not be
unique (see Corollary 7). If this is the case, then the actual point (x, s) is a certificate which
proves that the matrix is not P0, so it is not P∗ either.

Summarizing, we make three tests in our algorithms. In each tests the property of the LC P
matrix M is examined indirectly. When we inquire about the existence and uniqueness of
the solution of the Newton system, we check whether the matrix is P0, or not. When we test
some properties of the new point, for example whether it is in the appropriate neighborhood
of the central path, we examine the P∗(κ) property for the current value of κ . Finally, if
the κ(�x) value given by (5) is not defined, then the matrix is not P∗. We note that at each
step all properties are checked only locally, only for one vector of R

n . Consequently, it is
possible, that the matrix is not a P0 or P∗-matrix, but the algorithm does not discover it and
solves the LCP in polynomial time, because those properties were true for the vectors x and
�x that were generated by the algorithm. It may also occur, that the matrix is not P∗, but
the algorithm does not detect it. It only increases the value of κ if κ < κ(�x) and then it
proceeds to the next iterate. This is the reason why we need the threshold κ̃ parameter that
enables us to get a finite algorithm. In practice this is not a real restriction, because for big
values of κ the step length might be smaller than the machine precision.

The following lemma is our main tool to verify when the P∗(κ) property does not hold.
Furthermore, the concerned vector �x is a certificate, whose encoding size is polynomial
when it is computed as the solution of the Newton system (4). We use this lemma during
the analysis. The first statement is simply the negation of the definition. We point out in
Lemma 13 that if Theorem 10.5 of [15] does not hold, then the second or the third statement
is realized.

Lemma 12 If one of the following statements holds then the matrix M is not a P∗(κ)-matrix.

1. There exists a vector y ∈ R
n such that

(1 + 4κ)
∑

i∈I+(y)

yiwi +
∑

i∈I−(y)

yiwi < 0,

where w = My and
I+(y) = {i ∈ I : yiwi > 0}, I−(y) = {i ∈ I : yiwi < 0}.
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2. There exists a solution (�x,�s) of system (4) such that

‖�x�s‖∞ >
1 + 4κ

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

.

3. There exists a solution (�x,�s) of system (4) such that

max

⎛

⎝
∑

i∈I+
�xi�si , −

∑

i∈I−
�xi�si

⎞

⎠ >
1 + 4κ

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

.

Proof The first statement is the negation of the definition of P∗(κ) matrices. Now we prove
that the first statement follows from the others. By Lemma 8, one has

∑

i∈I+
�xi�si ≤ 1

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

, (6)

so �xi�si ≤ ‖a/
√

xs‖2/4 for all i ∈ I+. Accordingly, if the inequality of the second state-
ment holds, let j ∈ I such that ‖�x�s‖∞ = |�x j�s j |, then j ∈ I−, i.e., �x j�s j < 0.
Therefore

(1 + 4κ)
∑

i∈I+
�xi�si +

∑

i∈I−
�xi�si ≤ (1 + 4κ)

∑

i∈I+
�xi�si + �x j�s j

< (1 + 4κ)
1

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

− 1 + 4κ

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

= 0. (7)

This is the same as the first statement with y = �x, w = �s.
From the assumption of statement 3 and inequality (6), the second term is greater in the

maximum, hence one has

∑

i∈I−
�xi�si < −1 + 4κ

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

.

Therefore (�x,�s) satisfies inequality (7), so y = �x, w = �s proves that the first state-
ment holds.

The proof of the last statement, by using inequality (6) follows from the following inequal-
ity

(1 + 4κ)
∑

i∈I+
�xi�si +

∑

i∈I−
�xi�si = 4κ

∑

i∈I+
�xi�si +

∑

i∈I

�xi�si

< κ

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

− κ

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

= 0,

where we can use y = �x, w = �s again to get the first statement. ��

3.1 Long-step path-following interior point algorithm

In this section we deal with the algorithm proposed in [15]. The long-step algorithm has two
loops. In the inner loop one take steps towards the central path and in the outer loop the
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parameter μ is updated. In this algorithm we check the decrease of the centrality measure
after one inner step and if it is too small, then κ is updated by (5), or a certificate is obtained
showing that M is not a P∗(κ̃) matrix. As stated in the previous subsection, if κ(�x) is not
defined, then the matrix is not P∗ and �x is a certificate of it. Furthermore if κ(�x) > κ̃ ,
then matrix M is not P∗(κ̃) and the Newton direction �x is a certificate for this fact. The
modified algorithm is as follows:

Long-step path-following interior point algorithm

Input:

an upper bound κ̃ > 0 on the value of κ;
a proximity parameter τ ≥ 2;
an accuracy parameter ε > 0;
a fix barrier update parameter γ ∈ (0, 1);
an initial point (x0, s0), and μ0 > 0

such that δc(x0s0, μ0) =
∥
∥
∥
∥

√
x0s0

μ0 −
√

μ0

x0s0

∥
∥
∥
∥

< τ .

begin
x := x0, s := s0, μ := μ0, κ := 0;
while xT s ≥ ε do

μ = (1 − γ )μ;
while δc(xs, μ) ≥ τ do

calculate the Newton direction (�x,�s) with a = μe − xs;
if (the Newton direction does not exist or it is not unique) then

return the matrix is not P0; % see Corollary 7

θ̄ = argmin {δc(x(θ)s(θ), μ) : (x(θ), s(θ)) > 0} ;
if

(

δ2
c (xs, μ) − δ2

c (x(θ̄)s(θ̄ ), μ) < 5
3(1+4κ)

)

then

calculate κ(�x); % see (5)

if =(κ(�x) is not defined) then
return the matrix is not P∗; % see Lemma 11

if (κ(�x) > κ̃) then
return the matrix is not P∗(κ̃); % see Lemma 10

κ = κ(�x);
x = x(θ̄), s = s(θ̄);

end
end

end.

We use the notations of [15]:

σ+ = 1

μ

∑

i∈I+
�xi�si , σ− = − 1

μ

∑

i∈I−
�xi�si , σ = max(σ+, σ−).

Further, let

θ∗
� := 2

(1 + 4κ)δ2
c (xs, μ)

.
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To simplify the notation we write δ and δ∗ instead of δc(xs, μ), δc(x(θ∗
� )x(θ∗

� ), μ),
respectively.

Peng et al. [15] proved, that for P∗(κ)LC P’s the step length θ∗
� is feasible, and taking

this step the decrease of the proximity measure is sufficient to ensure polynomiality of the
algorithm. The following lemma shows that if the specified sufficiently large decrease does
not take place, then the matrix of the problem is not P∗(κ).

Lemma 13 If after an inner iteration the decrease of the proximity is not sufficient, i.e.,
δ2(xs, μ) − δ2(x(θ̄)s(θ̄), μ) < 5

3(1+4κ)
, then the matrix of the LC P is not P∗(κ) with the

actual κ value, and the Newton direction �x is a certificate for this fact.

Proof By Theorem 22 (see the Appendix), if the matrix is P∗(κ) we achieve the sufficient
decrease of the centrality measure with step length θ∗

� . Therefore, if the maximum decrease
is smaller, then either (x∗, s∗) is not feasible or the decrease of the proximity with step size
θ∗
� is not sufficient, i.e., δ2(xs, μ) − δ2(x∗s∗, μ) < 5

3(1+4κ)
. We prove in both cases that the

matrix of the problem is not P∗(κ) and �x is a certificate of it.
If the point (x∗, s∗) is not feasible, then μe + θ∗

� �x�s ≯ 0, so there exists such an index
k, that μ + θ∗

� �xk�sk ≤ 0. It means, that �xk�sk ≤ −μ/θ∗
� = −μ

2 (1 + 4κ)δ2 < 0. Since
(�x,�s) is a solution of system (4) with a = μe − xs, therefore

‖�x�s‖∞ >
1 + 4κ

4
μδ2 = 1 + 4κ

4

∥
∥
∥
∥

a√
xs

∥
∥
∥
∥

2

,

but this contradicts to the P∗(κ) property by the second statement of Lemma 12.
Now let us analyze the case when the decrease of the proximity measure is not sufficient

with step length θ∗
� . According to the condition of Theorem 21 (see the Appendix), let us

consider the cases θ∗
� < 1/σ and θ∗

� ≥ 1/σ separately. If θ∗
� < 1/σ , by the definition of θ∗

�

and Theorem 21, one has

(δ∗)2 − δ2 ≤ − 2

1 + 4κ
+ 2(θ∗

� )3σ 2

1 − (θ∗
� )2σ 2 . (8)

Since δ ≥ 2, we can write

− 2

1 + 4κ
+ 4

3(1 + 4κ)δ2 ≤ − 5

3(1 + 4κ)
. (9)

Therefore, by inequalities (8) and (9) and by the assumption of the lemma, the following
inequalities hold

− 2

1 + 4κ
+ 4

3(1 + 4κ)δ2 ≤ − 5

3(1 + 4κ)
< (δ∗)2 − δ2 ≤ − 2

1 + 4κ
+ 2(θ∗

� )3σ 2

1 − (θ∗
� )2σ 2 .

Using the definition of θ∗
� we get

4

3(1 + 4κ)δ2 <
2(θ∗

� )2σ 2

1 − (θ∗
� )2σ 2

2

(1 + 4κ)δ2 .

After reordering one has 1
2 < θ∗

� σ . Substituting the definition of θ∗
� we get the following

lower bound on σ

max(σ+, σ−) = σ >
1 + 4κ

4
δ2. (10)
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By the definitions of σ and the proximity measure, one has

max

⎛

⎝
∑

i∈I+
�xi�si ,−

∑

i∈I−
�xi�si

⎞

⎠ >
1 + 4κ

4
μδ2 = 1 + 4κ

4

∥
∥
∥
∥

μe − xs√
xs

∥
∥
∥
∥

2

.

By the third statement of Lemma 12 this implies that matrix M is not P∗(κ) and the vector
�x is a certificate of it.

If θ∗
� ≥ 1/σ , then by the definition of θ∗

� one has σ ≥ (1 + 4κ)δ2/2, therefore inequality
(10) holds, so the lemma is true in this case, too. ��

The following lemma proves, that the long-step path-following IPM is well defined.

Lemma 14 At each iteration when the value of κ is updated, then the new value of κ satisfies
the inequality δ2(xs, μ) − δ2(x(θ̄)s(θ̄), μ) ≥ 5

3(1+4κ)
.

Proof In the proof of Theorem 22 we use the P∗(κ) property only for the vector �x. When
parameter κ is updated, then we choose the new value so that the inequality in the defini-
tion of P∗(κ)-matrices (3) holds for the vector �x. Therefore the new point defined by the
updated value of step size θ∗

� is strictly feasible and δ2(xs, μ)−δ2(x∗s∗, μ)) ≥ 5
3(1+4κ)

. Thus

the new value of θ∗
� was considered in the definition of θ̄ as δ2(xs, μ) − δ2(x(θ̄)s(θ̄ ), μ) ≥

δ2(xs, μ) − δ2(x∗s∗, μ) ≥ 5
3(1+4κ)

. ��
Now we are ready to state the complexity result for the modified long-step path-following

interior point algorithm for general LC P in case an initial interior point is given.

Theorem 15 Let τ = 2, γ = 1/2 and (x0, s0) be a feasible interior point such that

δc(x0s0, μ0) ≤ τ . Then after at most O
(

(1 + 4κ̂)n log (x0)T s0

ε

)

steps, where κ̂ ≤ κ̃ is the

largest value of parameter κ throughout the algorithm, the long-step path-following interior
point algorithm either produces a point (x̂, ŝ) such that x̂T ŝ ≤ ε and δc(x̂ŝ, μ̂) ≤ τ or it
gives a certificate that the matrix of the LC P is not P∗(κ̃).

Proof The algorithm at each iteration either takes a step, or detects, that the matrix is not
P∗(κ̃) and stops. If we take a Newton step, then by the definition of the algorithm and by
Lemma 14 the decrease of the squared proximity measure is at least 5/[3(1 + 4κ)]. We
can see, that larger κ means smaller lower bound on decrease of the proximity measure.
Therefore, if the algorithm stops with an ε-optimal solution, then after each Newton step
the decrease of the squared proximity measure is at least 5/[3(1 + 4κ̂)]. Thus at each outer
iteration we take at most as many inner iterations as in the original long-step algorithm with a
P∗(κ̂)-matrix do, or the algorithm stops earlier with a certificate that M is not P∗(κ̃)-matrix.
By the complexity theorem of the original algorithm (see Theorem 23 in the Appendix) we
proved our statement. ��

3.2 An EP theorem for LCPs based on interior point algorithms

It is known from the literature [13] that assuming F0 �= ∅ and the matrix of the LC P is
sufficient, then the LC P has a solution. According to this result, by making use of the com-
plexity theorem of the previous section (Theorem 15), and the rounding procedure of [9] we
can now present the following EP type theorem. We assume that the data are rational (solving
problems with computer this is a reasonable assumption), ensuring polynomial encoding size
of certificates and polynomial complexity of the algorithm.
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Theorem 16 Let an arbitrary matrix M ∈ Q
n×n, a vector q ∈ Q

n and a point (x0, s0) ∈ F0

with δc(x0s0, μ0) ≤ τ be given. Then one can verify in polynomial time that at least one of
the following statements holds

(1) problem LC P has a feasible complementary solution (x, s) whose encoding size is
polynomially bounded.

(2) matrix M is not in the class of P∗(κ̃) and there is a certificate whose encoding size is
polynomially bounded.

4 Solving general LCPs without having an initial interior point

When for an LC P no initial interior point is known then we have two possibilities: (i) apply
an infeasible interior point algorithm, or (ii) use the embedding technique of Kojima et al.
[13]. In this section we discuss the solution method based on the embedding technique.

4.1 Embedded model for general LCPs

In this section we deal with a technique that allows us to handle the initialization problem of
IPMs for LC Ps, i.e., how to get a well centered initial interior point. The embedding model
discussed in this section was introduced by Kojima et al. [13]. The following lemma plays a
crucial role in this model.

Lemma 17 (Lemma 5.3 in [13]) Let M be a real matrix. The matrix M ′ =
(

M I
−I O

)

belongs to the class P0, column sufficient, P∗, P∗(κ), positive semidefinite or skew symmet-
ric if and only if M belongs to the same matrix class.

Let us consider the LC P as given by (1). We assume that all the entries of matrix M and
vector q are integral. The input length L of problem LC P is defined as

L =
n

∑

i=1

n
∑

j=1

log2(|mi j + 1|) +
n

∑

i=1

log2(|qi | + 1) + 2 log2 n,

and let

q̃ = 2L+1

n2 e.

The embedding problem of Kojima et al. [13] is as follows:

−M ′x′ + s′ = q′
x′s′ = 0

x′, s′ ≥ 0

⎫

⎬

⎭
(LC P ′)

where

x′ =
(

x
x̃

)

, s′ =
(

s
s̃

)

, q′ =
(

q
q̃

)

, M ′ =
(

M I
−I O

)

.

An initial interior point for the embedding model (LC P ′) is readily available:

x = 2L

n2 e, x̃ = 22L

n3 e, s = 2L

n2 Me + 22L

n3 e + q, s̃ = 2L

n2 e.

The following lemma indicates the connection between the solutions of the embedding prob-
lem and the solutions of the original LC P .
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Lemma 18 (Lemma 5.4 in [13]) Let (x′, s′) =
((

x
x̃

)

,

(

s
s̃

))

be a solution of problem

(LC P ′).

(i) If x̃ = 0, then (x, s) is a solution of the original LC P.
(ii) If M is column sufficient and x̃ �= 0, then the original LC P has no solution.

4.2 Using dual information

We deal with the dual of the LC P in our paper [10]. Let us denote the set of the dual fea-
sible solutions by FD := {

(u, z) ≥ 0 : u + MT z = 0, qT z = −1
}

. The following result is
proved:

Lemma 19 Let matrix M be row sufficient. If (u, z) ∈ FD, then (u, z) is a solution of
DLC P.

Based on Lemma 19 let us approach the problem from the dual side. First try to solve the
feasibility problem of DLC P . It is a linear optimization problem, therefore we can solve it
in polynomial time. We have the following cases:

(a) FD �= ∅ and uz = 0 holds for the computed (u, z) ∈ FD : then we solved problem
DLC P .

(b) FD �= ∅ and for the computed (u, z) ∈ FD : uz �= 0 holds, then by Lemma 19 we
know that M is not a row sufficient matrix, therefore it is not a sufficient matrix either,
and vector z is a certificate for this.

(c) FD = ∅ then problem DLC P has no solution.

In cases (a) and (b) we have solved the LC P in the sense of Theorem 1. In case (c) we try
to solve the embedded problem (LC P ′) using the modified path-following algorithm. The
modified algorithm either shows that matrix M ′, and thus by Lemma 18 matrix M as well, is
not in the class of P∗(κ̃) or solves problem (LC P ′). In the latter case we have two subcases:

(i) x̃ = 0 then by Lemma 18 LC P has a solution.
(ii) x̃ �= 0.

When x̃ �= 0 and FD = ∅, then if matrix M is sufficient, then it is also column sufficient
so the LC P has no solution by Lemma 18. But this contradicts to the Fukuda-Terlaky LC P
duality theorem [3,5,6], therefore in this case matrix M cannot be sufficient and the vector
x̃ is an indirect certificate for this.

The dual side approach combining with the complexity result Theorem 16 (an interior
point of problem (LC P ′) is known by construction) we can state our main result.

Theorem 20 Let an arbitrary matrix M ∈ Q
n×n and a vector q ∈ Q

n be given. Then one
can verify in polynomial time that at least one of the following statements hold

(1) the LC P problem (1) has a feasible complementary solution (x, s) whose encoding size
is polynomially bounded.

(2) problem DLC P has a feasible complementary solution (u, z) whose encoding size is
polynomially bounded.

(3) matrix M is not in the class P∗(κ̃).

Theorem 20 is a generalization of Theorem 16. Since the interior point assumption is
eliminated, it can occur that the LC P has no solution while matrix M is sufficient. This is
the second statement of Theorem 20. On the other hand, as we have seen in (see page 340) case
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(ii) in the dual side approach, when the matrix is not sufficient, but we have only an indirect
certificate x̃. This is the reason why in the last case of Theorem 20 we cannot ensure an
explicit certificate. Therefore, Theorem 20 is stronger than Theorem 16, because the interior
point assumption is eliminated, however, only an indirect certificate is provided in the last
case.

It is interesting to note that Theorem 20 and Theorem 1 (a result of Fukuda et al. [6]) are
different in two aspects: first, our statement (3) is weaker in some cases then theirs (there is
no direct certificate in one case), but on the other hand our constructive proof is based on
polynomial time algorithms and a polynomial size certificate is provided in all other cases
in polynomial time.

5 Summary

Cameron and Edmonds’ [1] EP theorem and its LC P form proven by Fukuda et al. [6] moti-
vated our research. The use of the LC P-duality theorem (Theorem 1) in EP form is a novel
idea in the interior point literature.

Among others, Potra and Liu [17] extended some IPMs for sufficient matrix LC Ps. Our
aim was to modify IPMs in such a way that they may be applied to LC Ps without any
restriction or knowledge about the properties of the coefficient matrices. We have shown
that LC Ps with arbitrary matrix can be solved in polynomial time in the following extended
manner: in polynomial time we either solve the problem up to ε-optimality or show that the
matrix does not belong to the class of P∗(κ̃) matrices, for which a polynomial size certificate
is provided by the algorithm.

Appendix

To make our paper self contained, here we present those results from [15] that are needed for
our developments. All theorems are converted to our notation.

Theorem 21 (Theorem 10.2 in [15]) Let M be an arbitrary matrix, (x, s) ∈ F0, (�x,�s)
is the Newton direction of the long-step path-following algorithm, δ := δc(xs, μ) and δ+ :=
δc(x(θ)s(θ), μ) ≤ τ . Then for all 0 ≤ θ ≤ 1/σ , one has

δ+ ≤ (1 − θ)δ2 + 2θ3σ 2

1 − θ2σ 2 .

Theorem 22 (Theorem 10.5 in [15]) If M ∈ P∗(κ), (x, s) ∈ F0, (�x,�s) is the New-
ton direction of the long-step path-following algorithm, δ := δc(xs, μ) ≥ 2 and δ∗ :=
δc(x(θ∗)s(θ∗), μ) ≤ τ , where θ∗ = 2

(1+4κ)δ2 . Then

(δ∗)2 − δ2 ≤ − 5

3(1 + 4κ)
. (11)

Theorem 23 (From Theorem 10.10 and the subsequent remarks in [15])
Let matrix M ∈ P∗(κ), τ = 2, γ = 1/2 and (x0, s0) be a feasible interior point such that
δc(x0s0, μ0) ≤ τ . Then the long-step path-following algorithm produces a point (x̂, ŝ) such
that δc(x̂ŝ, μ̂) ≤ τ and x̂T ŝ ≤ ε in at most

O
(

(1 + 4κ)n log
(x0)T s0

ε

)

iterations.

123



342 J Glob Optim (2010) 47:329–342

References

1. Cameron, K., Edmonds, J.: Existentially polytime theorems. In: Polyhedral Combinatorics (Morristown,
NJ, 1989), DIMACS Series in Discrete Mathematics and Theoretical Computer Science Discrete 1,
pp. 83–100. American Mathematical Society, Providence, RI (1990)

2. Cottle, R.W., Pang, J.-S., Venkateswaran, V.: Sufficient matrices and the linear complementarity prob-
lem. Linear Algebra Appl. 114/115, 231–249 (1989)

3. Csizmadia, Zs., Illés, T.: New criss-cross type algorithms for linear complementarity problems with
sufficient matrices. Optim. Methods Software 21, 247–266 (2006)

4. den Hertog, D., Roos, C., Terlaky, T.: The Linear Complementarity Problem, Sufficient Matrices and
the Criss–Cross Method. Linear Algebra Appl. 187, 1–14 (1993)

5. Fukuda, K., Terlaky, T.: Linear complementarity and oriented matroids. J. Oper. Res. Soc. Jpn. 35,
45–61 (1992)

6. Fukuda, K., Namiki, M., Tamura, A.: EP theorems and linear complementarity problems. Discrete Appl.
Math. 84, 107–119 (1998)

7. Guu, S.-M., Cottle, R.W.: On a subclass of P0. Linear Algebra Appl. 223/224, 325–335 (1995)
8. Illés, T., Roos, C., Terlaky, T.: Polynomial affine-scaling algorithms for P∗(κ) linear complementarity

problems. In: Gritzmann, P., Horst, R., Sachs, E., Tichatschke, R. (eds.) Recent Advances in Optimi-
zation, Proceedings of the 8th French-German Conference on Optimization, Trier, 21–26 July 1996,
Lecture Notes in Economics and Mathematical Systems, vol. 452, pp. 119–137. Springer Verlag (1997)

9. Illés, T., Peng, J., Roos, C., Terlaky, T.: A strongly polynomial rounding procedure yielding a maximally
complementary solution for P∗(κ) linear complementarity problems (2000). SIAM J. Optim. 11(2), 320–
340 (2000)

10. Illés, T., Nagy, M., Terlaky, T.: EP theorem for dual linear complementarity problems. J. Optim. Theory
Appl. 139(3), (2008)

11. Jansen, B., Roos, C., Terlaky, T.: A family of polynomial affine scaling algorithms for positive semi-
definite linear complementarity problems. SIAM J. Optim. 7, 126–140 (1996)

12. Kojima, M., Mizuno, S., Yoshise, A.: A polynomial-time algorithm for a class of linear complementarity
problems. Math. Program. 44, 1–26 (1989)

13. Kojima, M., Megiddo, N., Noma, T., Yoshise, A.: A unified approach to interior point algorithms for
linear complementarity problems. Lecture Notes in Computer Science, vol. 538. Springer Verlag, Berlin,
Germany (1991)

14. Murty, K.G.: Linear and Combinatorial Programming. Wiley, New York-London-Sydney (1976)
15. Peng, J., Roos, C., Terlaky, T.: New complexity analysis of primal-dual Newton methods for P∗(κ)

linear complementarity problems. In: Frenk, J.B.G., Roos, C., Terlaky, T., Zhang, S. High Performance
Optimization Techniques, pp. 245–266. Kluwer Academic Publishers, Dordrecht (1999)

16. Potra, F.A.: The Mizuno-Todd-Ye algorithm in a larger neighborhood of the central path. Eur. J. Oper.
Res. 143, 257–267 (2002)

17. Potra, F.A., Liu, X.: Predictor-corrector methods for sufficient linear complementarity problems in a
wide neighborhood of the central path. Optim. Methods Software 20(1), 145–168 (2005)

18. Roos, C., Terlaky, T., Vial, J.-Ph.: Theory and Algorithms for Linear Optimization, An Interior Point
Approach. Wiley-Interscience Series in Discrete Mathematics and Optimization, Wiley, New York, USA,
1997 (Second edition: Interior Point Methods for Linear Optimization, Springer, New York) (2006)

19. Väliaho, H.: P∗-matrices are just sufficient. Linear Algebra Appl. 239, 103–108 (1996)
20. Väliaho, H.: Determining the handicap of a sufficient matrix. Linear Algebra Appl. 253, 279–298 (1997)
21. Ye, Y., Anstreicher, K.: On quadratic and O(

√
nL) convergence of a predictor-corrector algorithm for

LCP. Math. Program. 62, 537–551 (1993)

123


	A polynomial path-following interior point algorithm for general linear complementarity problems
	Abstract
	1 Introduction
	1.1 Notations

	2 Matrix classes and the Newton step
	3 Interior point algorithms in EP form
	3.1 Long-step path-following interior point algorithm
	3.2 An EP theorem for LCPs based on interior point algorithms

	4 Solving general LCPs without having an initial interior point
	4.1 Embedded model for general LCPs
	4.2 Using dual information

	5 Summary
	Appendix
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




